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Abstract

Solutions to the source-free spin s zero rest-mass equations in the Einstein static universe
are obtained by means of the Newman-Penrose spin coefficient formalism.

1. Introduction

One of the interesting features of the source-free spin s zero rest-mass
equations (Penrose, 1965)

VAX®,p =0  (s#0) (1.1a)
O0&=(v4X 7, +1R)®=0  (s=0) (1.1b)

is their invariance under conformal rescalings of the space-time metric
ds? > ds? = Q7%ds? (1.2)

if one assigns to the &, g the transformation law

Pup.. x> Pap. . k=M Pyp  x (1.3)

The spinor fields &, 5. g of (1.1) and (1.3) are totally symmetric in the

2s spinor indices 4, B, . . ., K. From the point of view of (1.1), all background
space-times which differ only by a scale transformation (1.2) are equivalent;
solutions in any fixed space-time induce corresponding solutions in all other
conformally related space-times via (1.3). For most problems in conformally
flat background space-times, equations (1.1) are most easily solved in
Minkowski space. But when the background space-time is not actually flat,

or when given boundary conditions can be simplified by a scale transforma-
tion, it may be more convenient to work in other conformally flat space-
times.
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In this paper equations (1.1) are examined for the Einstein static universe

&, with the (conformally flat) metric
dsé =dx? — dy? —sin? ¢/(d02 + sin26d¢2) 4
‘ 1.
dsk =dx* — 1(de® +dp* +dy* + 2 cos fdady) a4

where

2 2

When equations (1.1) are formulated in terms of the infinitesimal operators
for the symmetry group of &, they break up into coupled pairs, from which
decoupled second-order equations may be derived. The second-order equa-
tions are separable in the X, «, §, ¥ coordinate system, and all separated
solutions are easily constructed. By making repeated use of the commutation
relations of the infinitesimal operators, it is possible to satisfy the coupled
first-order equations as well. This procedure will be carried out in detail below.

+ —
cos Y — isin ¢ cos @ =cos-§~exp{-—i(u>} (b=a Y

2. The Zero Rest-Mass Equations in &

The metric (1.4) admits seven independent Killing vector fields,

$=(0,-1,0,0)
i = (0, csc B siny, cosy,— cot §siny)
75 = (0, — csc f cos v, sin ¥, cot § cos )
74=(0,0,0, - 1).

One of these, 7#, is time-like and orthogonal to the x = constant hyper-
surfaces, while the remaining six, £ and 0¥ (¢ =1, 2, 3), lie entirely within
the x = constant hypersurfaces. The associated differential operators,

b}
TE'P'_....
T ax“

. d
Lazléfz‘@‘

, 0
M, Eznfj@
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satisfy
{La: Lb} = ieabch
[MaaMb] = ieabcMc (2-13)
{Lar Mb} =0
and
(Lo, T] = [M,. T] =0 (2.1b)

where €4, is totally antisymmetric with €153 = 1. The commutation relations
(2.1a) characterise the Lie algebra of 0(4), the symmetry group of the space-
like 3-spheres x = constant. With

Li=L,%iL,
M, =M, +iM,
one also has
[L3,Ls] =L, (M3, M.] =t M,
[Ly,L_1=2L; M., M_] =2M, (2.2)

In order to make full use of the symmetries of & in dealing with (1.1), it
will be convenient to introduce a null tetrad (/#, n*, m*, /") and an
associated spinor dyad (04, i4) given by

F=N2) (* +85) < ot
=@+ - ) — T
mt =\(2) (8 + ith) <> ot X
The null Killing vectors I, n*, m*, and 7, satisfy the standard orthogonality

relations:
Ky = My =
¥n, mmy, =1

and all other scalar products vanish.
With the above conventions, equations (1.1a) may be written

s+1
[T+L3 +'—2—] CI)(N-!-I) =L~‘I)(N)
(O<N<25—1) (2.3)

s+1
T L3 +T (I)(N) =L+(I)(N+1)

The By in (2.3) are the dyad components of the &5 .,
Oy =Pyp. . gsoloB .. RIS

where N is the number of times {4 appears on the right-hand side above.
From (2.3) one immediately obtains the decoupled second-order equations

[T2+sT—L2+S ]@(N):o (0<N<2s) 2.4)
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where
L2=L3+12+L3=L,L_+L1%- L,

If one identifies ® with &), equation (1.1b) takes the form of (2.4) with
§=0.

3. Solutions
Solutions to (2.4) of the form
Py =S0)A(VBBCA(Y) (3.1)
may readily be obtained. One finds, on substituting (3.1),
S() = e 2iT*X
A=

Cly) =™

I —m'| m+m'
B@B) = (sin %) (cos %) W, (sin2 pz—)

where [, m, m’, and
s
Ty = ~—*2—i(!+%)

are the separation constants and W, must satisfy the hypergeometric equation

2

aw. , dw
w(l«w)ﬁu[lﬂm«ml—2w(M+l)] &j

+[H I+ D) -MM+1IW, =0

(.2)

with

> !
lm—m'l+(m+m')_ m m=m

M=
2 7 m =m

Solutions with physically acceptable behaviour in the angular coordinates
@, B, and 7y occur only for values of m and m’ satisfying
m—m=01,£2, ...
m+m =0,+1,£2,...
In this case the general solution to (3.2) is (Morse & Feshbach, 1953)
Wi w)=AFM - LM+1+1;1+|Im—m'l;w)
+BGM—ILM+1+1;1+|m—m'|;w)
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where Fa, b; ¢; w) is the hypergeometric function and
G(a, b; c; w) = Fa, b; c; w)g [Fla,b;c; w)] 2w (1 — w2 b2~ 140"

Thus the basic separated solutions, from which more general solutions to
(2.4) may be constructed, are

. . L, 8 Im—m'} 8 m+m’
QL imm'n = e 720X gima oim |y -2—) cos;:

F(M—l,M+I+1;1+|m—m'|;sin2§-) (n=1) (3.3)

x
G(M—l,M+i+1;1+[m~m’[;sin2%) n=2)

The P+, 1um'n of (3.3) are eigenfunctions of the operators T L% Ly, and
M3, corresponding to the eigenvalues 7., /(I + 1), m, and m' respectively. L.
and M, transform the @y, ', among themselves. Consequently the

D, . jmm'n forma basis for representations of the group of symmetry trans-
formations of & (cf. Kyriakopoulos, 1974).

Unless s = 0, the coupled equations (2.3) must stﬂl be satisfied. From the
commutation relations (2. 1)—(2 2), it follows that L D, 1um’n is an eigen-
function of the operators T,L?, Ly, and M5 corresponding to the eigenvalues
7o, i1+ 1), m -k, and m' respectlvely, that is, a linear combination of
Dot 'y and <I>, L tm—km'2- Consequently if

‘I’(o) =@ tmm'n (3.4a)
one can satisfy (2.3) by taking
Ve, ,
® Talmm n . N=1,2,...2
W =T myitm—1).. (+m+1-N) *
(3.5a)
while if
q)(()) =@r_imm'n (3.4b)
(2.3) has the solution
(“)NLJXCDT—me‘n
Dy = N=1,2,...2
M U mr ) -m+2)...(—m+NY ’ ’
(3.5b)

When Py is a linear combination of @;_ .1’ s, the () are the corresponding
linear combinations of the right-hand sides of (3.5a) and (3.5b).

To the particular solutions (3.5) for & nNysN=1,2,...,2s one may freely
add any solution W (xy of the equations

s+1
‘:T+L3 +'—2—} ‘P(N) =0
(3.6)
L.;.\I’(N) =0
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at any N level. For equations (3.6) guarantee that, if ¥y is added to any
@y, no change in Sy _yy, Pv_2), - - -» Po) Is required to maintain (2.3).
By (3.6), ¥y must be a linear combination of ., pym'1 and @71 2,
with o o
L.m=-m-1
I (m)=m
One finds, in fact,

\Il(N) =2 , A(N)mm'q/mm’
mm

] ) 8 m—m' 8 m+m’
\Ilmm' = ez(s+1+2m)xeimaeim 'y(sin _,_) (COS‘
2 2

The coefficients A(yymsm’ are arbitrary for each N level. Terms proprotional
to ¥,,,,’ cannot occur in the particular solutions (3.5), for when / =/, (m — 1)
the denominators on the right vanish, while the numerators containing the
W, do not. But once such terms are introduced at any NV level, they
generate terms at higher V levels like the other ®, ;. If, for instance

—_rk
Py =L ¥y

where

one has from (3.5)

o LEwgy
P =TTy

When
Pvy = Dr | imm'n

the general expression for $(x4p) is

L_®ritmm'n
e b \I;
I—L(m-1) @&

=3

‘I’(N+1)

One may summarise the above results as follows. With

@) = Pryimm'n (3.7a)

the general solution for @y (N =1,2,..,28) is
N -
& - (i)NLl_Y ‘I)Ttlmm'n + (_)N k
L ! & (V- k)
1 - L(m-k-1)] ’

k=0

LY-*¥ gy (3.7b)

From the solution (3.7) with $g) in separated form, all solutions to equations
(1.1) in & may be obtained.
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